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An elegant and convenient rigorous approach for solving circular open-ended dielectric-loaded
waveguide diffraction problems is presented. It uses the solution of corresponding Wiener-Hopf-
Fock equation to obtain an infinite linear system for reflection coefficients (S-parameters) of the
waveguide. This system can be efficiently solved numerically using the reduction technique. As a
specific example, diffraction of a TM symmetrical mode at the open end of a circular waveguide with
uniform dielectric filling is considered. A series of such modes represent the wakefield (Cherenkov
radiation field) generated by a charged particle bunch during its passage through the waveguide.
Calculated S-parameters were compared with those obtained from COMSOL simulation and an
excellent agreement is shown. Advantages of using this method for investigation of various waveguide
structures prospective in context of modern beam-driven Terahertz radiation sources development
is discussed.
INTRODUCTION
Recently, a high interest has been shown toward ra-
diation in the Terahertz (THz) frequency range, which
is a very promising tool for studying various structures
and materials [1, 2]. To generate this radiation, both
classical methods of microwave electronics and methods
known in quantum radiation generators are developed.
Several innovative ideas are also being considered. One
of these ideas is the application of Cherenkov radiation
(CR) generated by a specially prepared relativistic bunch
(or bunch train) in a special dielectric waveguide struc-
ture [3]. The expected intensity of radiation exceeds by
several orders of magnitude the intensity of traditional
THz oscillators and backward-wave tubes [4]. To improve
this scheme, it is necessary to investigate not only regular
waveguides but also waveguides with an open end, since
one of the main tasks here is efficient extraction of the
generated CR into the open space.
At present, there are technologies for creating metal-
lized waveguides with diameters of the order of a mil-
limeter and less (“capillaries”) having layers of different
dielectrics [5]. Technologies were also developed for gen-
erating electron bunches with size of hundreds of microns
or less [6]. The bunch passing along the channel in such
capillaries generates CR whose high-order fundamental
modes can have frequencies in the THz range. After
that, CR should be extacted into the free space through
the open end of such a structure. There are recent ex-
perimental results, which indicate that this approach is
promising [7, 8].
It should be noted that the rigorous theory of waveg-
uides with an open end was actively developed in many
works (see, for example, Refs. [9, 10]. In particular, the
case of a planar waveguide with dielectric filling was con-
sidered [11]. Waveguides having a non-orthogonal open
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Figure 1. Geometry of the problem and main notations.
cut (the so-called Vlasov antennas) were considered less
strictly [12]. To our knowledge, cylindrical waveguides
(which are of most practical importance) with an open
end and a dielectric loading have been studied much less
frequently and in approximate formulation only [13, 14].
Reliable rigorous results were recently obtained only for
an “embedded” (closed) structure where an open-ended
waveguide was placed inside an infinite collinear waveg-
uide of larger radius [15–18] Therefore, questions remain
about the limits of the applicability of the aforementioned
approximate methods, the error in the results and the
possible ways to improve their accuracy. The answers
can be given by direct comparison between their results
with those obtained using a rigorous approach. Such an
aproach – which is elegant and efficient – is presented in
this paper.
PROBLEM FORMULATION AND GENERAL
SOLUTION
Let us consider a semi-infinite cylindrical waveguide
with radius a filled with a dielectric (ε > 1) (Fig. 1). We
suppose that single TM0l waveguide mode incidents the
orthogonal open end (cylindrical frame ρ, ϕ, z is used):
H(i)ωϕ = M
(i)J1(ρj0l/a)e
ikzlz, (1)
Eωρ =
1
ik0ε
∂Hωϕ
∂z
, Eωz =
i
k0ε
(
Hωϕ
ρ
+
∂Hωϕ
∂ρ
)
, (2)
ar
X
iv
:2
00
5.
04
70
9v
1 
 [p
hy
sic
s.a
cc
-p
h]
  1
0 M
ay
 20
20
2where J0(j0l) = 0, kzl =
√
k20ε− j20la−2, Im kzl > 0,
k0 = ω/c + iδ (δ → 0, which is equivalent to infinitely
small dissipation an all areas). Connection between (1)
and CR wakefield generated by a charged particle bunch
moving through the considered waveguide will be dis-
cussed below. The reflected field in the area z < 0,√
x2 + y2 = ρ < a is decomposed into a series of waveg-
uide modes propagating in opposite direction:
H(r)ωϕ =
∑∞
m=1
MmJ1(ρj0m/a)e
−ikzmz, (3)
where Mm are unknown “reflection coefficients” that
should be determined. The vacuum area is divided into
two subareas “1” and “2” (see Fig. 1), where the field is
described by Helmholtz equation:[
∂2/∂z2 + ∂2/∂ρ2 + ρ−1∂/∂ρ+
(
k20 − ρ−2
)]
H(1,2)ωϕ = 0.
(4)
We introduce functions Ψ±(ρ, α) (hereafter subscripts ±
mean that function is holomorphic and have no zeros in
areas Imα > −δ and Imα < δ, correspondingly):
Ψ
(1,2)
+ (ρ, α) = (2pi)
−1
∫ ∞
0
dzH(1,2)ωϕ (ρ, z)e
iαz, (5)
Ψ
(2)
− (ρ, α) = (2pi)
−1
∫ 0
−∞
dzH(2)ωϕ(ρ, z)e
iαz, (6)
and similar transforms of E
(1,2)
ωz , for example,
Φ
(1,2)
+ (ρ, α) = (2pi)
−1
∫ ∞
0
dz
k0
i
E(1,2)ωz (ρ, z)e
iαz (7)
From (4) we obtain(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+ κ2 − 1
ρ2
){
Ψ
(1)
+
Ψ
(2)
− + Ψ
(2)
+
}
=
{
F (1)
0
}
(8)
F (1) = (2pi)
−1
∂H(1)ωϕ/∂z
∣∣∣
z=+0
− (2pi)−1 iαH(1)ωϕ
∣∣∣
z=+0
(9)
where κ =
√
k20 − α2, Imκ > 0. Function F (1) is deter-
mined using continuity of Eωρ and Hωϕ at z = 0, ρ < a,
in the issue we obtain:
Ψ
(1)
+ = C1J1(ρκ) + Ψ
(1)
p ,
Ψ
(2)
− + Ψ
(2)
+ = C2H
(1)
1 (ρκ),
(10)
Φ
(1,2)
± =
Ψ
(1,2)
±
ρ
+
∂Ψ
(1,2)
±
∂ρ
, (11)
Ψ(1)p (ρ, α) =
i
2pi
[
M (i)
kzl
ε − α
α2l − α
J1
(
ρj0l
a
)
−
−
∞∑
m=1
Mm
kzm
ε + α
α2m − α
J1
(
ρj0m
a
)]
,
(12)
where αm =
√
k20 − j20ma−2, Imαm > 0 are longitudinal
wavenumbers of vacuum waveguide, C1,2 are unknown
coefficients. In particular, one obtains Φ
(1)
+ (a, α) =
C1κJ0(aκ), Φ
(2)
+ (a, α) = C2κH
(1)
0 (aκ) (Φ
(2)
− (a, α) = 0 be-
cause Eωz = 0 for ρ = a, z < 0), therefore
C1 = Φ
(1)
+ (a, α)κ
−1J−10 (aκ),
C2 = Φ
(2)
+ (a, α)κ
−1
(
H
(1)
0 (aκ)
)−1
.
(13)
Note that
Ψ
(1)
+ (a, α) = Ψ
(2)
+ (a, α), Φ
(1)
+ (a, α) = Φ
(2)
+ (a, α) (14)
due to continuity of Eωz and Hωϕ for ρ = a, z > 0. Using
C1 we get from (10), (12) and (14):
Ψ
(1)
+ (a, α) =
J1(aκ)Φ
(2)
+ (a, α)
κJ0(aκ)
+
i
2pi
×
×
[
M (i)
kzl
ε − α
α2l − α
J1(j0l)−
∞∑
m=1
Mm
kzm
ε + α
α2m − α
J1(j0m)
]
.
(15)
One can see that the function to the left of the “=” – sign
is regular in the area Imα > −δ while the function to the
right possesses pole singularity for α = αp, p = 1, 2, . . .
in this area. Since the singularity at the right-hand side
should be canceled, we obtain the following requirement:
Φ
(2)
+ (a, αp) =
ia
4pi
J1(j0p)×
×
[
δlpM
(i)
(
kzp
ε
− αp
)
−Mp
(
kzp
ε
+ αp
)]
,
(16)
where δlp is the Kronecker symbol.
Using general solution for the area “2” (10), coefficient
C2 (13) and continuity conditions (14) we arrive at the
Wiener-Hopf-Fock equation:
0 =
2iΦ
(2)
+ (a, α)
κG(α)
+ Ψ
(2)
− (a, α) +
i
2pi
×
×
[
M (i)
kzl
ε − α
α2l − α2
J1(j0l)−
∞∑
m=1
Mm
kzm
ε + α
α2m − α2
J1(j0m)
]
.
(17)
where G(α) = piaκJ0(aκ)H
(1)
0 (aκ). Performing fac-
torization, κ = κ+κ−, κ± =
√
k0 ± α, G(α) =
G+(α)G−(α), we obtain from (17) after multiplication
by κ+G+ and consequent decomposition of correspond-
ing functions into a sum of “+” and “–” summands (stan-
dart formulas from [10] can be used):
0 =
2Φ
(2)
+ (a, α)
κ+G+(α)
+ κ−G−(α)Ψ
(2)
− (a, α) +×
× 1
2pi
[
M (i)(ηl+(α) + ηl−(α))J1(j0l)−
−
∞∑
m=1
Mm(ζm+(α) + ζm−(α))J1(j0m)
]
,
(18)
3where
ηl(α) = κ−(α)G−(α)
kzl
ε − α
α2l − α2
,
ζm(α) = κ−(α)G−(α)
kzm
ε + α
α2m − α2
,
(19)
ηl+(α) = κ+(αl)G+(αl)
kzl
ε + αl
2αl(αl + α)
,
ζm+(α) = κ+(αm)G+(αm)
kzm
ε − αm
2αm(αm + α)
.
(20)
Equation (18) is solved in a common way: one should
separate “+” and “–” terms into different parts of the
equation:
P (α) =
2Φ
(2)
+ (a, α)
κ+G+(α)
+
M (i)ηl+(α)J1(j0l)
2pi
+
+
∞∑
m=1
Mmζm+(α)J1(j0m)
2pi
=
−M (i)ηl−(α)J1(j0l)
2pi
+
+
∞∑
m=1
Mmζm−(α)J1(j0m)
2pi
− κ−G−(α)Ψ(2)− (a, α),
(21)
where a polynomial function P (α) has been written based
on analytic continuation theorem [10]. To determine
P (α) one should estimate asymptotic behaviour of all
terms in (21) for |α| → ∞, −δ < Imα < δ. Based on
Meixner edge condition [10] we have:
Φ
(2)
+ (a, α) ∼|α|→∞ α
−1/2−τ , τ =
1
pi
asin
ε− 1
2(ε+ 1)
,
Mm ∼
m→∞ m
−1−τ , Ψ(2)− (a, α) ∼|α|→∞ α
−3/2,
(22)
therefore all terms in (21) decrase in accordance with
power law and therefore P (α) = 0. Formal solution of
the Wiener-Hopf-Fock equation then reads
Φ
(2)
+ (a, α) = −
κ+(α)G+(α)
4pi
×
×
[
M (i)ηl+(α)J1(j0l) +
∞∑
m=1
Mmζm+(α)J1(j0m)
]
.
(23)
It should be noted that (23) contains unknown coeffi-
cients Mm. To resolve this, one should substitute (23)
into (16). After that we obtain the following infinite lin-
ear system for Mm:∑∞
m=1
WpmMm = wp, p = 1, 2, . . . , (24)
where
Wpm = J1(j0m)
[
ζm+(αp) + δmpia
kzm
ε + αm
κ+(αm)G+(αm)
]
,
wp = M
(i)J1(j0l)
[
ηl+(αp) + δlpia
kzl
ε − αp
κ+(αp)G+(αp)
]
.
(25)
It can be easily shown that for ε = 1 this system is analyt-
ically solved and the solution coincides with well-known
result for open-ended vacuum waveguide [9]. For ε 6= 1
system (24) can be solved numerically using the reduc-
tion technique. Corresponding examples are given below.
NUMERICAL RESULTS
For the case of ε 6= 1, we solve (24) by reducing it to
the finite system of Mmax equations, where Mmax was
chosen around 2-3 times as much as the total number of
propagating modes in the waveguide at given frequency.
After that Mm, m = 1, 2, . . .Mmax are immediately clcu-
lated, for example, in Matlab. For convenient comparison
between analytical results and results of numerical sim-
ulation, we have calculated powers carrying by incident
mode and each reflected mode through the waveguide
cross-section,
Σ(i) = ca2/(8k0ε)J
2
1 (j0l)
∣∣∣M (i)∣∣∣2 Re(kzl),
Σ(r)m = ca
2/(8k0ε)J
2
1 (j0m) |Mm|2 Re(kzm),
(26)
and constructed corresponding S-parameters:
Sml =
√
Σ
(r)
m
/
Σ(i), (27)
which also can be expressed in dB, SdBml = 20lgSml.
Numerical simulations were performed in RF module
of Comsol Multiphysics package. A two dimensional fre-
quency domain solver was utilized. An input end of the
waveguide was supported by a series of numerical ports,
one separate port for each propagating mode. The port
which corresponds to the incident mode was set to be ac-
tive and option “active port feedback” has been disabled.
Corresponding eigenmodes were determined numerically,
with analytically calculated longitudinal wavenumbers
kzm being used as guess values. An open end of the
waveguide was surrounded by a semisphere with scat-
tering boundary condition applied. The length of the
waveguide and the radius of damping semisphere raduis
were of the same order, at least several tens of maximum
wavelength inside the waveguide.
For calculations presented below, the mode frequency
was chosen to be equal to the frequency of CR mode fCRl
with numbers l = 5, l = 10 and l = 20 produced by a
moving charge having its Lorentz factor γ = 7 [13]:
ωCRl = 2pif
CR
l = cβj0l/
(
a
√
εβ2 − 1
)
, (28)
where β =
√
1− γ−2. To clarify this choice of the fre-
quency let us discuss the relation of the obtained results
to the problem of diffraction of a charged paricle bunch
wakefield at the open-end of the discussed dielectric-
loaded waveguide. Wakefield is a CR generated inside a
wavegiude as an infinite set of discrete frequencies (28),
4Figure 2. Comparison between S-parameters (in dB) obtained via the presented analytical approach and via Comsol simulations:
Sml corresponds to frequency f
CR
l (28) and incident mode with number l. We have 7 propagating modes for l = 5 (f
CR
5 =
300GHz), 14 for l = 10 (fCR10 = 615GHz) and 28 for l = 20 (f
CR
20 = 1.247THz). Other parameters: a = 0.24cm, ε = 2.
while each frequency contribution to the total field is usu-
ally referred to as a CR mode. A CR mode can be pre-
sented (after simplification) in the following form [19]:
HCRϕl = Im
[
iHϕ0lJ1
(
ρ
j0l
a
)
e
iωCRl z
cβ e−iω
CR
l t
]
, (29)
where cβ is bunch velocity, Hϕ0l is some constant. Since
for ω = ωCRl we have kzl = ω
CR
l /(cβ), an incident
mode (1) corresponds to the l-th CR mode if M (i) is
chosen appropriately.
Figure 2 shows comparison between S-parameters cal-
culated via presented rigorous analytical approach and
obtained from Comsol simulations. As one can see, the
agreement between results is excellent. This fact proves
the presented theory and also shows correctness of Com-
sol simulation procedure. One can see that typically the
reflected mode with the number of incident mode domi-
nates (it has the largest S-parameter), therefore the over-
all diffraction process is similar to a single mode reflec-
tion. However, other modes (especially those with close
numbers) can be significant and therefore can alter men-
tioned “close to single mode” regime.
In conclusion, we have presented an elegant and conve-
nient rigorous analytical approach for calculation of var-
ious diffraction processes at the open end (with orthog-
onal cut) of a circular waveguide with dielectric loading.
The obtained results have been compared to the results
of simulations with commercial code Comsol and an ex-
cellent agreement has been observed.
For simplicity and clearness of the presentation, in this
short paper we have considered the problem with uni-
form dielectric filling. However, a series of other more
complicated problems which are closer to possible appli-
cations can be also considered using this powerful ap-
proach. For example, excitation by a charged particle
bunch (in full formulation including both wakefield and
Coulomb field) can be incorporated into the solution and
layered dielectric filling or corrugation of the waveguide
wall can be investigated. It is worth noting that com-
putation resourses used by the Matlab code based on
analytical formulas is much smaller then those occupied
by Comsol. For example, even for n = 20 and around
1THz frequency our code took about 30 seconds to cal-
culate S-parameters shown in Fig. 2 (typical PC based
on Intel Core i7 processor and Matlab Parallel Comput-
ing were used). Comsol model took several hours to do
the same task, depending on used machine. Therefore,
the discussed rigorous approach can be extremely useful
for further development of beam-driven radiation sources
based on dielectrically loaded or corrugated cylindrical
waveguides. Besides mentioned open-ended waveguides
with straight cut, this method can be also useful for in-
vestigation of structures with non-orthogonal cut. Since
in this case the rigorous theory can be marginally applied,
development of reliable approximate methods is the most
substatntial idea (see, for example, [13]). Such reliable
methods can be benchmarked and adjusted at simpler
structures with orthogonal end cut.
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